
 W odociągi i kanalizacja

48

On computing of VDR rapid filters control system
O obliczeniach systemu sterowania stacją filtrów VDRF

WOJCIECH DĄBROWSKI 

A simple and accurate method of solving the set of equations describing Variable Declining Rate Filters in a bank 
was described, based on the literature, including among the others the earlier papers of the author. Only the mathe-
matical model developed by Di Bernardo was considered, as the most practical from the engineering point of view. 
Key words: filtration, variable declining rate, filter plants

 Na podstawie znanej literatury, w tym między innymi własnych publikacji autora opisano prostą i dokładną 
metodę rozwiązania układu równań opisujących działanie stacji filtrów o skokowo zmiennej wydajności. Ta metoda 
obliczeń odnosi się do modelu matematycznego Luiz Di Bernardo, jako najpraktyczniejszego z inżynierskiego 
punktu widzenia. 
Słowa kluczowe: filtracja, skokowo zmienna wydajność, stacje filtrów.

Introduction

Variable Declining Rate Filters (VDRF) 
are constructed in the similar way as rapid 
water constant rate filters, but instead of 
flow-rate controllers, orifices are installed 
at outflows from all filter units. An example 
of this construction is presented in Fig.1.

Filters operated under Variable Declin-
ing Rate operation rules produce water ap-
proximately of the same quality as received 
under Constant Rate Operation [14].

The pattern of water table level and 
flow-rates for such a filter plant is present-
ed in Fig.2. The figure was constructed 
based on a numerical simulation model of 
a  Variable Declining Rate (VDR) filter 
plant. Results of computations are denoted 
by the dotted line, and empirical measure-
ments taken from literature [1], represent-
ed by the solid lines. In Fig.2, flow-rate 
through a  filter “i” is denoted by qi, and 
a filter surface area by “a”.

VDR Filters should fulfill the following 
requirements:
1.	 consist of at least four filter units,
2.	 have inflows to filters located below the 

lowest water level above filters,
3.	 head loss in pipes being negligible in 

comparison with head loss of flow 
through the filters.

The first requirement limits the sudden 
increase in flow-rates through all operating 
filters at the moment when one unit is dis-
connected for backwashing [2]. The sec-
ond and the third requirements ensure that 
the time-varying water level above each 
filter may be assumed to be the same 
above all filter media at any moment of 
operation [4]. 

The orifices installed at the outflows 
from all filters create head losses in condi-
tions of turbulent flow. The operation of 
a Variable Declining Rate (VDR) filter plant 
is based on the time-varying interaction 
between increasing head losses of flow 

through the filter media, and decreasing 
head losses of flow through orifices. Proper 
design requires the limitation of the flow-
rate q1 = qmax through a  freshly back-
washed filter, which results from the prop-
erly designed head loss of flow through the 
orifice. As the flow is laminar-linear 
through the filter media and turbulent 
through orifices, the head loss of flow 
through orifices is much more sensitive to 
changes in flow-rate than the head loss of 
flow through filter media [4],[10],[11]. 
Thus, smaller flow-rates through previously 
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Fig.1 
The vertical cross section 
through a gravitational VDRF 
filter. The figure is very simi-
lar to the one published by 
W.Dąbrowski, “The progres-
sion of flow rates in Variable 
Declining Rate Filter systems, 
Acta hydrochimica et hydro-
biologica, 2006,Vol.34, Issue 
5, 442-452. Copyright Wiley-
VCH Verlag GmbH &Co. 
KGaA. Reproduced with per-
mission.

Fig.2 
Pattern of water table fluctuations (upper part of 
the drawing) and flow rate changes in Variable 
Declining Rate mode according to computations; 
– ------- – and theory, ------ experimental data for the 
Medmenhan filter plant [1]. The figure reprinted 
from Dąbrowski W., “The progression of flow 
rates in Variable Declining Rate Filter systems, 
Acta hydrochimica et hydrobiologica, 
2006,Vol.34, Issue 5, 442-452. Copyright Wiley-
VCH Verlag GmbH &Co. KGaA. Reproduced with 
permission.
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backwashed filters result in a  sharp 
decrease of head loss of flow through ori-
fices. Finally the flow-rate through the most 
recently backwashed filter is restricted 
mainly by the head loss created by the 
orifice while the flow-rate through signifi-
cantly clogged filters depends mostly on 
the filter media resistance. The most signifi-
cant changes in flow-rates happen just 
after returning a backwashed filter to oper-
ation [2],[10], so the pattern of water level 
and flow-rates may be described by Fig.2 
and the filters are called “Variable Declin-
ing Rate Filters” (VDRF).

Designing method

Di Bernardo made the following 
assumptions in his mathematical model 
[11], [12]:
1.	 flow-rate changes through all operat-

ing filters occur mostly just after discon-
necting a  filter for a  backwash, and 
then when putting it into service again,

2.	 the period of a  backwash is short 
enough, in comparison with periods 
between subsequent backwashes in 
a  plant, to consider that there is no 
change in the resistance of all operat-
ing filters before disconnecting and 
after reconnecting the most clogged 
filter for backwash,

3.	 changes of the accumulation of water 
above filter media due to fluctuations in 
water surface level are negligible in 
comparison with water production.
The method of design is described by 

the assumptions 1,2,3 and Figs. 2,3,. In 
Fig.3, line 1 represents head loss in clean 
porous media during laminar linear flow, 
and line 2 represents head loss of flow 

through the orifice and drainage, which 
are turbulent and transitional, respectively. 
The level P2 is reached by the water surface 
just before a  subsequent backwashing in 
a  plant, and P1 just after starting the 
operation of a  freshly backwashed filter. 
Using the notations illustrated in Fig.3 the 

head loss of flow through a filter equals H 
just before and H-ho just after a backwash 
in a plant.

The drawing is similar to one of draw-
ings published previously by Di Bernardo 
[11],[12]. 

Keeping in mind the assumptions sug-
gested by Di Bernardo [11],[12] and sum-
marized above by points 1, 2, and 3, the 
mass balance is described by equation (1), 
and the head loss of flow through a filter 
by equation (2). 

	 1 equation� (1)

	 H – ho = c1q1 + c2 (q1) n 1 equation�(2)

In equations (1),(2) the following nota-
tions were used:
c1	 –	 proportional coefficient characteri-

zing the resistance of a clean filter 
medium, 

c2	 –	 coefficient of head losses created 
by turbulent flow through an orifice 
and transitional through the dra-
inage,

H	 –	 total head loss of flow through the 
plant just before a backwash,

ho	 –	 the height of water surface fluctu-
ations between backwashes,

i	 –	 number of filters in the bank,
n	 –	 exponent of head losses created by 

flow through the drainage and the 
orifice,

qi	 –	 flow-rate through a  filter i  (i=1…
…z, where z is the number of filters 
in a plant)

Q	 –	 the total inflow to the plant. 

The results of calculations based on Di 
Bernardo’s model [11],[12] are so close to 
experimental data that it has been decided 

here to ignore minor effect of sediment 
compressibility impact on head loss to flow 
through the porous media . The total head 
loss of flow through all filters is H just 
before a  backwash, and H-ho after the 
backwash. Considering a flow-rate qi just 
before a  subsequent backwash of a  filter 

“z” in a plant, the head loss of flow through 
the media at that moment can be calculated 
by subtracting head loss of flow through 
drainage and orifice c2(qi)n from the total 
head loss H. After the backwash of the filter 
“z”, the flow rate through the filter “i” rap-
idly decreases to the value qi+1, and ana-
logically the head loss created by the linear 
laminar flow through the media of this filter 
equals to H – ho – c2(qi+1)n. Following the 
second assumption of the Di Bernardo 
model [11], [12], we consider the media 
resistance of any filter “i” (where i=1 …..i= 
z-1) to be the same after a backwash of the 
filter “z” as it was before this backwash. 
Finally, for a plant consisting of z filters, z-1 
equations may be written [6], [7], [8]:

 
	 (z-1 equations)� (3)

Using z-1 equations of type (3) reduces 
the number of equations describing the 
original Di Bernardo model [11],[12] by 
z-1 equations.

As the system of equations (1),(2),(3) 
consists of z+1 equations, z+1 unknown 
variables may be calculated from it. Usu-
ally Q,c2, c1,n,H are known and qi, ho are 
computed. Then the ratio of q1/qavr = 
qmax/qavr is calculated and verified if it 
does not exceed the limit of 1.5 established 
as a rule of thumb in the U.S.A. Too high 
a ratio of qmax/qavr may result in poor fil-
trate quality. If it exceeds the limit, a differ-
ent orifice is chosen (c2,n) and the calcula-
tions are repeated. However, from the 
engineering practice it is well known that 
sharp changes of flow are much more 
disturbing the filtrate quality than high 
stable velocities of filtration.

Despite the fact that ho is usually an 
unknown variable, the simplest way of 
solving the system of equations (1),(2),(3) 
consists of the following steps :
l	 assuming a primary value of ho,
l	 calculating q1 from equation (2), 
l	 calculating q2…….qz from equation 

(3) step by step, q2 from q1, q3 from q2, 
etc.,

l	 verifying the mass balance equation 
(1), and if not satisfied change the pre-
viously assumed value of ho. If the left 
hand side of equation (1) is higher than 
the right one, the value of ho should be 
decreased in the next iteration. If it is 
lower the ho should be increased.

Computations

Equation (3) may be rewritten again as 
(3*):

 

Fig.3 
Illustration of the Di Ber-
nardo model and of the 
notation used in equations 
(1),(2),(3) – H, ho,qi. The 
figure reprinted from 
Dąbrowski W., “The pro-
gression of flow rates in 
Variable Declining Rate 
Filter systems, Acta hydro-
chimica et hydrobiologica, 
2006,Vol.34, Issue 5, 
442-452. Copyright 
Wiley-VCH Verlag GmbH 
&Co. KGaA. Reproduced 
with permission.
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(3*)

Because (qi+1/qi)n-1 < 1, so:

	 � (4*)

which bounds the ratio of qi+1/q1 from the 
lower side. This lower bound may be used 
again to substitute the term (qi+1/qi)n-1 into 
the denominator of the right hand side of 
equation (3*), creating this time the upper 
bound for the ratio qi+1/qi:

	 �(5*)

This procedure may be repeated, each 
time receiving more tidy upper and lower 
bounds for qi+1/q1. Dabrowski W. [7] , [8] 
used this approach to develop an accurate 
and fast method of solving the set on non-
linear equations (1),(2),(3). The maximum 
possible error of computations is known 
and may be easily decreased by the next 
bounds constructed in the similar way. The 
error of computations equals zero for the 
first filter and progresses with the number 
of filters in the plant. In Fig.4, the value of 
this error defined as {(qi+-qi-)qi,num}·100% 
is presented for computations done for the 
same data known from literature for an 
existing plant [11],[12]. By qi+ and qi – 
upper and lower bounds for qi are denot-
ed, and qi,num denotes the value of qi 
computed by a precise numerical method. 
The accuracy of the solution presented in 
Fig.4 is very high in comparison with sim-
plifications of the phenomena accompany-
ing the filtration process assumed for for-
mulating the system of equations (1),(2),(3), 
and there was no reason to seek any more 
accurate solutions.

The data for computations are 
described in the publications [4], [7]. Three 
different plant capacity values Q are con-
sidered. The relative errors are defined as 
equal to 

{(qi+-qi-)qi,num}•100%. 

A  comparison of computed qi with 
some measurements reported by Di Ber-
nardo are presented in Fig.5. The simpli-
fied here Di Bernardo’s model [11],[12] is 
well suited to the results of measurements 
[15]. In our laboratory experiments the 
model has been also verified showing its 
applicability for technical purposes.

Primary values of ho

In a  rough approximation it can be 
predicted that flow-rates are elements of 
a geometrical progression qi+1/qi ≈ 1-ho/

H [7]. From that a monogram for the pri-
mary values of ho was constructed [4], [7].

Large and small filter plants

Describing flow rates through filters by 
elements of geometrical progression of the 

constant value lower than one suggests that 
the total capacity of the plant is bounded 
even for infinite number of filter units. 
Because of that it was suspected that large 
filter plants are less economical than plants 
consisted of lower number of units [4], [7]. 
This problem has been investigated in 
numerical computations [ 9] based on the 

system of equations (1), (2), (3). They con-
firmed an uneconomical operation of 
plants consisted with many units under 
similar values of the height of water table 
fluctuations ho as used in operating of 

small filter plants. However, if ho value is 
properly chosen, to ensure the required 
ratio value of q1/qavr the operation of 
large plants can be economical. However, 
the values of ho for many filters in a bank 
can be so small to make the operation of 
the plant difficult.

Conclusions

A  theoretical model of VDRF plants 
developed originally by Di Bernardo 
[11],[12] has been reduced in the number 
of equations [7] and has been proven to be 
quite accurate despite the fact that it does 
not contain any unknown or difficultly 
measured parameters. The method of solu-
tion to the system of equations governing 
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Fig.4 
An illustration of the accuracy of 
the method of solving the sys-
tem of equations (1),(2),(3). The 
figure reprinted from Dąbrowski 
W., “The progression of flow 
rates in Variable Declining Rate 
Filter systems, Acta hydrochimi-
ca et hydrobiologica, 2006, 
Vol.34, Issue 5, 442-452. Copy-
right Wiley-VCH Verlag GmbH 
&Co. KGaA. Reproduced with 
permission.

Fig.5 
Values of qi/a  measured and 
computed for one of VDR Filter 
plants described by Di Bernardo 
[11],[12]. The figure reprinted 
from Dąbrowski W., “The pro-
gression of flow rates in Varia-
ble Declining Rate Filter sys-
tems, Acta hydrochimica et 
hydrobiologica, 2006,Vol.34, 
Issue 5, 442-452. Copyright 
Wiley-VCH Verlag GmbH &Co. 
KGaA. Reproduced with per-
mission.

Fig.6 
Primary values of ho for the methods of calculation described here. The figure reprinted from 
Dąbrowski W., “The progression of flow rates in Variable Declining Rate Filter systems, Acta hydro-
chimica et hydrobiologica, 2006,Vol.34, Issue 5, 442-452. Copyright Wiley-VCH Verlag GmbH &Co. 
KGaA. Reproduced with permission.
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the model is simple, fast and accurate. It 
can be also used for unstable raw water 
quality [13] and temperature [5].

List of main symbols 
a	 –	 surface area of a filter,
A	 –	 total surface of all filters in a plant,
c1	 –	 proportional coefficient characteri-

zing the resistance of the clean fil-
ter medium,

c2	 –	 coefficient of turbulent head losses,
H	 –	 total head loss of flow through fil-

ters, drainages, and orifices just 
before a backwash

ho	 –	 the height of water table increase 
between the levels P1 and P2,

n	 –	 exponent of the turbulent head 
loss,

P1	 –	 water surface level after a  bac-
kwash,

P2	 –	 water surface level before a  bac-
kwash,

qi	 –	 flow-rate through i-unit,
Q	 –	 the total flow-rate through the plant,
t	 –	 time,
z	 –	 a number of filters in a bank.
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ści i obowiązki poszczególnych interesa-
riuszy, egzekwować poprawność prowa-
dzonych procesów i odpowiedni poziom 
wiedzy osób uczestniczących w proce-
sach poczynając od projektantów, wyko-
nawców i eksploatatorów (operatorów 
zarządzających) na niezależnym 
zewnętrznym nadzorze kończąc. Koniecz-
ne jest także stworzenie nowoczesnego 
systemu zbierania i analizowana danych, 
dostępnego na różnych poziomach dla 
różnych interesariuszy w tym również dla 
konsumentów (zgłaszanie awarii, dostęp 
do informacji o których mowa w DWD). 
Cieszy więc fakt, że Ministerstwo Gospo-
darki Morskiej i Żeglugi Śródlądowej 
zauważyło poruszane w artykule proble-
my i stara się przygotować Polskę do 
właściwej transpozycji i wdrożenia nowej 
DWD. Ogłosiło zamówienie na wykona-
nie opracowania pn. „Program Inwesty-
cyjny w zakresie poprawy jakości i ogra-
niczenia strat wody przeznaczonej do 
spożycia przez ludzi”. Zgodnie z przed-
stawioną informacją „głównym celem Pro-
gramu Inwestycyjnego (PI) jest określenie 
potrzeb inwestycyjnych i działań związa-
nych z koniecznością wypełnienia zobo-

wiązań wynikających z dyrektywy w spra-
wie jakości wody przeznaczonej do spo-
życia przez ludzi (98/83/WE) oraz wej-
ścia w życie nowej Dyrektywy w sprawie 
jakości wody przeznaczonej do spożycia 
przez ludzi (2017/0332 (COD)). Opra-
cowanie będzie stanowiło podstawę do 
wypełnienia warunku podstawowego 
2.5.2 nowej perspektywy finansowej na 
lata 2021-2027, zgodnie z którym 
konieczne jest przygotowanie planu inwe-
stycyjnego w zakresie dyrektywy w spra-
wie jakości wody przeznaczonej do spo-
życia przez ludzi (98/83/WE) oraz 
zmieniającej ją dyrektywy 2017/0332 
(COD).” Podmiot przygotowujący to opra-
cowanie, ze względu na brak wielu istot-
nych danych, zgodnie z założeniem mini-
sterstwa zobowiązany będzie do zebra-
nia jak największej ilości informacji meto-
dą ankietyzacji różnych grup interesariu-
szy. Należy mieć nadzieję, że gminy, 
przedsiębiorstwa wodociągowe i inne 
podmioty (zarządzający obiektami prio-
rytetowymi) zrozumieją, że ich aktywność 
i przekazanie informacji wspomoże mini-
sterstwo w prowadzonych działaniach,  
a zwłaszcza w pozyskaniu środków finan-

sowych wspierających wdrożenie nowej 
DWD. Autorki zachęcają wszystkich do 
aktywności, dostarczania informacji 
i wspólnego budowania systemu zarzą-
dzania bezpieczeństwem wody w Polsce, 
gwarantującego zdrowie publiczne 
i wysoki poziom świadczenia usługi. 
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